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GENETİ K ALGORİ TMA VE ARTI K DÜZELT ME YÖNTE Mİ YLE  
PROFİ L TERS TASARI MI  
ÖZET 
 
 
Hava- uzay al anı nda t asarı ml anan kanat  pr ofil  şekilleri  perfor mans  ve i htiyaçl arı n 
karşılanması  açısı ndan hayati  rol  oynar.  Bu nedenl e bu konuda bir  çok çaba 
harcanmakt adır.  Yeni  bir  kanat  pr ofil  şekli  t asarlarken,  araştır macılar  genelli kl e 
opti mi zasyon veya t ers t asarı m t ekni kl eri ni  kullanırlar.  Opti mi zasyonda t aşı ma, 
sürükl e me ve mo ment  gibi  pr ofile ait  bazı  paramet rel er  mi ni mi ze veya maksi mi ze 
edil meye çalışılır.  Hal buki,  t ers  t asarı mda i se verilen bir  para metre i çi n,  ( bu 
genelli kle bası nç dağılı mıdır) o para metreyi sağlayan profil şekli bul unmaya çalışılır. 
 
Bu çalış mada,  verilen hedef  değerleri  sağl ayan bir  pr ofil  geometrisi  i ki f arklı  t ers 
tasarı m yönt e mi  il e elde edil mi ştir.  İki  yönt emi n sahi p ol duğu al gorit mal arda 
farklı dır.  İl k yönt e m geneti k al gorit ma kullanmakt adır.  Bu yönt e mde ayrıca,  şekil 
para metreleri ni  azalt mak i çi n B-spli ne eğrileri nden yararlanıl mı ştır.  Bu yönt e mi n 
a macı    

n
1i
2
p
2
p )c()Tc( ii
 değeri ni  maksimi ze et mektir.  Buradaki  
ip
Tc hedef 
bası nç dağılı mı  ve 
ip
c tasarlanan bası nç dağılı mı dır.  Tasarlanan pr ofil  geomet risi ni n 
analizi nde, Smit h- Hess panel yönt e mi kullanıl mı ştır. 
 
İki nci  t ers  t asarı m yönt emi nde,  artı k düzelt me algorit ması  kullanıl mı ştır. Belli  bir 
pr ofil  geometrisi  ile başlayarak ( NACA 0012),  her  adı mda hesapl anan Y ’leri n 
yardı mı yl a hedef pr ofil  geometrisi ne ul aşılır. Y ’ler 
22
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2
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dx
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


  diferansi yel  denkl e mi  kull anılarak 
hesapl anırlar.  İl k ol arak bu diferansi yel  denkl e m sonl u farkl ar  yakl aşı mı  kull anılarak 
ayrı kl aştırılır.  Daha sonra,  el de edilen üç-bant  katsayılar  matrisi Tho mas 
al gorit ması nı n yardı mı yla çözül ür  ve Y ’ler  el de edi lir.  Bu yönt e mde biri ncisi  gi bi 
analiz içi n Smit h- Hess panel yönt e mi ni kullanır. 
 x 
GENETI C ALGORI THM AND RESI DUAL CORRECTI ON METHOD 
FOR I NVERSE DESI GN OF AI RFOI LS 
SUMMARY 
 
 
 
In t he fi el d of  aerospace,  desi gned airfoil  shapes  pl ay a  cr uci al  rol e in t er ms  of 
perfor mance and meeti ng t he require ments.  So,  many efforts are put  on t hi s  subj ect 
in aerospace.  Whil e desi gni ng a ne w airfoil  shape,  researchers  generall y use 
opti mi zati on or  i nverse desi gn t echni ques.  In opti mi zati on,  some para meters (  lift, 
drag,  mo ment,  et c.)  of  t he airfoil  are tried t o be mi ni mi zed or  maxi mi zed.  However, 
in i nverse desi gn,  an ai rfoil  shape i s  desi gned for  a gi ven para met er  (generall y 
pressure distri buti on).  
 
In t his  wor k,  t wo i nverse desi gn met hod wit h different  al gorithms  are used t o desi gn 
an airfoil  geo metry t hat fits  t o gi ven t arget  values.  First  met hod utilizes  a geneti c 
al gorithm whi ch i s  a search met hod.  In t he first  met hod,  also B-spli ne curves  are 
used t o decrease shape para met ers. This  met hod’s  pur pose i s  t o maxi mi ze  t he 
2
p
n
1i
p )Tcc( ii 

 .  Where 
ip
Tc is t he t arget  pressure di stri buti on and 
ip
c is  t he 
desi gned pressure di stributi on.  To anal yze t he desi gned airfoil  geometries,  Smit h-
Hess panel met hod is used.   
 
In second i nverse desi gn met hod,  resi dual  correction al gorit hm i s  utilized.  St arti ng 
wi t h an i nitial  airfoil  geomet ry ( NACA 0012),  t arget  airfoil  geo metry i s  reached wit h 
the hel p of  Y ’s co mi ng from t he 
22
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 .  First,  t his 
differential  equati on i s  discritized wit h fi nite differences.  Then obt ai ned t ri-di agonal 
coefficient  matri x i s  sol ved wit h t he Tho mas  Al gorit hm t o gi ve  Y ’s.  Thi s  met hod 
also uses Smit h- Hess panel met hod t o anal yze t he airfoils.  
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1. I NTRODUCTI ON 
 
Wi t h t he advent  of  successful  powered fli ght  at  t he t urn of  t he t wentiet h cent ury,  t he 
i mportance of  aerodynami cs  r ose suddenl y.  So,  int erest  grew i n t he understandi ng of 
the aerodyna mi c acti on of  such lifti ng surfaces  as  fi xed wi ngs  on ai rpl anes  and,  l at er, 
rot ors on helicopt ers [1]. Consi der a wi ng as drawn i n perspecti ve in Fi gure (1. 1).  
 
   Fi gure 1. 1 Defi niti on of an airfoil 
 
 
The wi ng ext ends  i n t he y directi on.  The free strea m vel ocit y V  i s  parallel  to t he xz 
pl ane.  Any secti on of  t he wi ng cut  by a  pl ane parallel  t o t he xz pl ane i s call ed an 
airfoil.  The lift  and mo ment s  on t he airfoil  are due mai nl y t o t he pressure 
di stri buti on.  
 
The first  Pat ented airfoil shapes  were devel oped by Horati o F.  Phillips  i n 1884 [ 1]. 
Cl earl y,  i n t he earl y days  of  powered fli ght,  airfoil  desi gn was  basi call y cust omi zed 
and 
 2 
personalized.  Just  mentioned above,  t he aerodyna mi c f orces  and mo ment s  on t he 
airfoil are due t o onl y t wo basic sources: 
a) Pressure distri buti on over t he body surface   
b) Shear stress distri buti on over t he body surface 
The net  effect  of  t he p and   di stri buti ons  i nt egrated over  t he co mpl et e body surface 
is a resultant aerodyna mi c force R and mo ment M on t he body (Fi gure 1. 2) 
 
   Fi gure 1. 2 Aerodyna mi c force and mo ment on t he body 
 
 
Then t he resultant R can be split int o components. (Fi gure 1. 3) 
 
   Fi gure 1. 3 Aerodyna mi c force and its components 
 
The angl e of  attack  is defi ned as  t he angl e bet ween c  and V .  Fr om geo metrical 
relati ons: 
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

cosAsinND
sinAcosNL
                (1. 1) 
 
As  t his  f or mul ati on shows,  L and D val ues  of  an airfoil  are det er mi ned by directl y 
pressure distri buti on. If we use di mensi onl ess quantities, they are defi ned as foll ows: 
Li ft coefficient; 
cq
L
cl

                   (1. 2) 
Dr ag coefficient; 
cq
D
cd

                   (1. 3) 
Pressure coefficient 


q
pp
cp                   (1. 4) 
Mo ment coefficient 
2m cq
M
c

                   (1. 5) 
where 2V
2
1
q                    (1. 6) 
Si nce lift  and mo ment s  come  from t he pressure di stri buti on on t he airfoil,  t o creat e 
the required lift  or  mo ment,  airfoil  geometry must  f or m a  specified pressure 
di stri buti on.  Therefore,  for  many years  researchers  have st udi ed hard on airfoil 
desi gn techni ques. 
The aerodyna mi c desi gn of  aircraft  components  is  often carried by means of  one of 
the foll owi ng four approaches:  
 
1.  ‘ ‘Cut and Tr y’ ’ anal ysis 
2.  Indirect Met hods 
3.  Opti mi zati on Techni ques 
4.  Inverse Desi gn Techni ques 
 
Thi s wor k i ncl udes mai nly i nverse desi gn and partly opti mi zati on.  
First  part  of  t his  wor k i s co mposed of  fi ndi ng suitabl e airfoil  shape,  whi ch gi ves  a 
specified pressure di stributi on by t he hel p of an opti mi zati on al gorithm.  Thi s 
 4 
constit utes  an i nverse desi gn pr obl e m.  I n sol uti on of  t his  pr obl e m,  opti mi zati on wit h 
a genetic al gorithm i s used.  That  i s,  i nverse pr obl e m i s  transfor med i nt o an 
opti mi zati on pr obl e m.  Wi t h t he hel p of  genetic al gorit hm,  t he opti mum set  of  20 
control  poi nts  i s  f ound.  Then t his set  is  used t o for m t he airfoil  shape by utilizi ng an 
al gorithm for drawi ng a B-spli ne curve [2].  
Genetic al gorithms  are search met hods  used i n recent  years.  They differ  i n 
concepti on from ot her  search met hods,  i ncl udi ng t raditi onal  opti mi zati on met hods 
and ot her  st ochastic search met hods.  The basi c difference i s  t hat  while ot her  met hods 
al ways  pr ocess  si ngl e poi nts  i n t he search space,  genetic al gorithms  mai nt ai n a 
popul ati on of potential sol uti ons [3].  
Shape opti mi zati on based on genetic al gorithm [ 4],  or  based on evol uti onar y 
al gorithms   i n general,  is a rel ati vel y young and pot ential  fi el d of  research.  The 
interest  t owar ds  researching evol uti onary shape opti mi zati on t echni ques  appears  t o 
be j ust started t o grow, rather t han reached a stabl e and mat ure state. 
 
Currentl y t he most  popul ar  application area of  genetic al gorithms- based shape 
opti mi zati on see ms  t o be t he shape opti mi zati on i n connecti on wit h co mput ati onal 
fl ui d dyna mi cs  ( CFD),  especi all y aerodyna mi c shape opti mi zati on i n t he fi el d of 
aircraft desi gn, for exa mpl e [5-12].  
 
Usi ng B-spli nes  i n an opt i mi zati on pr obl e m i s  very hel pful  i n a way t hat  it  lessens  t he 
desi gn para met ers.  As  a r esult  of  t his,  cost  of  the al gorit hm i s  also l essened.  Thi s 
ki nd of application of B-spli nes may be seen i n literat ure, for exa mpl e [13,14].  
 
Anot her  part  of  t his  work i ncl udes  an i nverse desi gn met hod i n whi ch a resi dual 
correcti on al gorit hm i s  used.  Wit h t his  al gorithm,  an airfoil  shape t hat  gi ves  t he t arget 
pressure di stri buti on i s  reached.  Inverse desi gn met hod i s  a  very popul ar  met hod i n 
aerospace, for exa mpl e [15- 18].    
  
 5 
2. GENETI C ALGORI THMS  
 
Genetic al gorithms  constitute a cl ass  of  search met hods  especi all y suited for  sol vi ng 
compl ex opti mi zati on pr obl e ms  [ 3].  Search al gorithms  i n general  consist  of 
syste maticall y wal ki ng through t he search space of  possi bl e sol uti ons  until  an 
accept able sol uti on i s  found.  Genetic al gorithms transpose t he noti ons  of  nat ural 
evol uti on t o t he worl d of  co mput ers,  and i mi tate nat ural  evol uti on.  They were 
initiall y i ntroduced by John Holl and [ 4]  f or  expl ai ni ng t he adapti ve processes  of 
nat ural  syst e ms  and f or  creati ng ne w artificial  systems  t hat  wor k on si mil ar  bases.  I n 
nat ure,  ne w or ganis ms  adapt ed t o t heir  environ ment  devel op t hrough evol uti on. 
Genetic al gorithms  evolve sol uti ons  t o t he gi ven pr obl e m i n a si mil ar  way.  They 
mai nt ai n a collecti on of sol uti ons----a popul ati on of  i ndi vi duals----and so perfor m a 
multi directi onal  search.  The i ndi vi duals are represent ed by chr omosomes co mposed 
of  genes.  Genetic al gorithms  operat e on t he chr omoso mes,  whi ch represent  t he 
inheritabl e pr operties  of  the i ndi vi duals.  By analogy wit h Nat ure,  t hrough sel ecti on 
the fit  i ndi vi duals----potential  sol uti ons  t o t he opti mi zati on pr obl em---- li ve t o 
reproduce,  and t he weak i ndi vi duals,  whi ch are not  so fit,  di e off.  Ne w indi vi duals 
are creat ed from one or  t wo parents  by mut ati on and cr ossover,  respecti vel y.  They 
replace ol d i ndi vi duals  i n t he popul ati on and t hey are usuall y si mil ar  t o t heir  parents. 
In ot her  wor ds,  i n a  new generati on t here will  be i ndi vi duals  t hat  resembl e t he fit 
indi vi duals  from t he previ ous  generati on.  The i ndi vi duals  survi ve if  t hey are fitted t o 
the gi ven environment. 
 
In t abl e 1 t he anal ogy of t er ms  bet ween nat ure and artificial  evol uti onary syst e ms  i n 
general. 
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Tabl e 2. 1 The correspondence of ter ms bet ween nat ural and artificial evol ution 
Nat ure Evol uti onary co mput ation 
Indi vi dual Sol uti on t o a probl e m 
Popul ation Coll ecti on of sol uti on 
Fit ness Qualit y of sol uti on 
Chr omoso me Represent ati on of a sol ution 
Gene Part of represent ati on of a sol uti on 
Cr ossover Bi nary search operat or 
Mut ati on Unar y search operat or 
Repr oducti on Reuse of sol uti ons 
Sel ecti on Keepi ng good sub-sol utions 
  
 
Evol uti on i s  an e mer gent pr opert y of  artificial  evolutionary syst e ms.  The co mput er  i s 
onl y t ol d t o ( 1)  mai nt ai n a  popul ation of  sol uti ons,  (2)  all ow t he fitter  i ndivi duals  t o 
reproduce,  and ( 3)  l et  t he l ess  fit  i ndi vi duals  di e off.  The ne w i ndi vi duals i nherit  t he 
pr operties  of  t heir  parents,  and t he fitter  ones  survi ve f or  t he next  generati on.  The 
final sol uti ons will be much better t han t heir ancestors from t he first generation.  
 
Thi s  evol uti on i s  direct ed by fit ness.  The evol utionary search i s  conduct ed t owar ds 
better  regi ons  of  t he search space on t he basis  of  the fit ness  measure.  Each sol uti on i n 
a popul ation i s  eval uated based on how well  it  sol ves  t he gi ven pr obl e m. 
Correspondi ngl y,  each me mber  of  t he popul ati on is assi gned a  fit ness  val ue.  Geneti c 
al gorithms  use a  separate search space and sol ution space.  The search space i s  t he 
space of  coded sol uti ons,  i. e.  genot ypes  or  chromoso mes  consisti ng of  genes.  Mor e 
exactl y,  a genot ype may consist  of  several  chromoso mes,  but  i n most  practical 
applications  genot ypes  are made of  one chr omosome.  The sol uti on space i s t he space 
of  act ual  sol uti ons,  i. e. phenot ypes.  Any genotype must  be transfor med i nt o t he 
correspondi ng phenot ype before its fitness is eval uat ed.  
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2. 1 The outli ne of a genetic al gorithm  
 
When sol vi ng a  pr obl e m usi ng genetic al gorithms,  first  a pr oper  represent ati on and 
fit ness  measure must  be desi gned.  Many representations  are possi bl e,  and wi ll  wor k. 
So me  are better  t han t he ot hers,  however.  Devising t he t er mi nati on criterion shoul d 
be t he next  st ep.  The t ermi nati on criteri on usually all ows  at  most  some  predefi ned 
nu mber  of  it erations  and verifies  whet her  an accept able sol uti on has  been found.  The 
genetic al gorithm t hen wor ks as follows (also shown i n Fi gure 2. 1): 
 
  Fi gure 2. 1 Genetic al gorithm fl owchart 
  
1.  The i nitial  popul ati on i s  filled wit h i ndi vi duals  t hat  are generall y creat ed at 
random.  So meti mes,  t he indi vi duals  i n t he i nitial  popul ati on are t he sol utions  f ound 
by so me  met hod det er mined by t he pr obl e m domai n.  I n t his  case,  t he scope of  t he 
genetic al gorithm is t o obtai n more accurate sol utions.  
 
2. Each i ndi vi dual i n t he current popul ati on is evaluat ed usi ng t he fitness measure.  
 
3. If the ter mi nati on criterion is met, the best sol ution is ret urned.  
 
4.  Fr om t he current  popul ati on,  i ndi vi duals  are sel ect ed based on t he previ ousl y 
comput ed fit ness  val ues.  A ne w popul ati on i s f or med by appl yi ng the genetic 
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operat ors  (reproducti on,  cr ossover,  mut ati on)  to t hese i ndi vi duals.  The sel ect ed 
indi vi duals  are called parents  and t he resulti ng i ndi vi duals offspri ng. 
I mpl e ment ati ons  of  genetic al gorithms  differ  i n t he way of  constructi ng t he ne w 
popul ati on.  So me  i mpl ement ati ons  ext end t he current  popul ati on by adding t he ne w 
indi vi duals  and t hen creat e t he ne w popul ation by o mitti ng t he l east  fit  indi vi duals. 
Ot her  i mpl e ment ati ons  create a separate popul ation of  ne w i ndi vi duals  by appl yi ng 
the genetic operat ors.  Mor eover,  t here are genetic al gorithms  t hat  do not  use 
generati ons at all, but conti nuous repl ace ment.  
 
5.  Acti ons  st arti ng from step 2 are repeat ed until  the t er mi nati on criteri on i s  satisfied. 
An iteration is called generati on.  
2. 2 Geneti c operators 
In each generati on,  t he genetic operat ors  are applied t o sel ect ed i ndi vi duals  from t he 
current  popul ati on i n order  t o creat e a ne w popul ati on.  Generall y,  t he three mai n 
genetic operat ors  of  reproducti on,  crossover  and mut ati on are e mpl oyed.  By usi ng 
different  pr obabilities f or  appl yi ng t hese operat ors,  t he speed of  convergence can be 
controlled.  Cr ossover  and mut ati on operat ors  must  be carefull y desi gned,  si nce t heir 
choi ce hi ghl y contri butes to t he perfor mance of t he whol e genetic al gorithm.   
 
Reproducti on:  A part  of  t he ne w popul ati on can be  creat ed by si mpl y copyi ng 
wi t hout  change sel ect ed i ndi vi duals  from t he present  popul ation.  Thi s  gi ves  t he 
possi bility of survi val for already devel oped fit soluti ons.  
 
Cr ossover:  Ne w i ndi vi duals  are generall y created as  offspri ng of  t wo parents  (as 
such,  crossover  bei ng a bi nary operat or).  One or  mor e so-called crossover poi nts  are 
select ed ( usuall y at  random)  wit hi n t he chr omosome  of  each parent,  at  t he sa me  pl ace 
in each.  The parts  deli mited by t he crossover  points are t hen i nt erchanged bet ween 
the parents.  
Mut ati on:  A ne w i ndi vidual  i s  creat ed by making modificati ons  t o one sel ect ed 
indi vi dual.  The modificati ons  can consist  of  changi ng one or  more values  i n t he 
represent ati on or  i n adding/ del eti ng parts  of  t he represent ati on.  In genetic al gorit hms 
mut ati on i s  a  source of variability,  and i s  applied i n additi on t o cr ossover  and 
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reproducti on.  At  different  st ages  of  evol uti on,  one may use different mut ati on 
operat ors.  At  t he begi nning mut ati on operat ors  resulti ng i n bi gger  j umps  i n the search 
space mi ght  be preferred. Lat er  on,  when t he sol ution i s  cl ose by,  a mut ati on operat or 
leadi ng t o sli ghter shifts in t he search space coul d be favored.  
2. 3 Fit ness assi gnment  
The pr obabilit y of  survival  of  any i ndi vi dual  i s det er mi ned by its  fit ness:  t hrough 
evol uti on t he fitter  i ndivi duals  overtake t he l ess  fit  ones.  In or der  t o evol ve good 
sol uti ons,  t he fit ness  assigned t o a sol uti on must  directl y reflect  its ‘goodness’,  i. e. 
the fit ness  f uncti on must  i ndi cat e how well  a sol ution f ulfills t he require ments  of  t he 
gi ven probl e m. Fit ness assi gnment can be perfor med i n several different ways:  
 
 We  defi ne a fit ness  f unction and i ncorporat e it  i n the genetic al gorit hm.  When 
eval uati ng any i ndi vi dual, this fitness functi on is co mput ed for t he indi vi dual.  
 Fit ness  eval uati on i s  perfor med by dedi cat ed separat e anal ysis soft ware.  I n 
such cases  eval uati on can be ti me-consumi ng,  t hus  sl owi ng down t he whol e 
evol uti onary al gorithm.  
 So meti mes  t here i s  no explicit  fit ness  f uncti on,  but  a hu man eval uat or  assigns 
a fit ness val ue t o t he sol utions present ed t o hi m/ her. 
 Fit ness  can be  assi gned by co mpari ng t he indi vi duals  i n t he current 
popul ati on.  
2. 4 Sel ecti on met hods 
Onl y sel ect ed i ndi vi duals  of  a  popul ati on are all owed t o have offspri ng.  Sel ecti on i s 
based on fit ness:  i ndi vi duals  wit h better  fit ness  val ues  are pi cked more frequentl y 
than i ndi vi duals  wit h worse fit ness  val ues.  The most  co mmonl y used sel ecti on 
sche mes:  
 
Fit ness-proporti onal  selecti on:  When usi ng t his sel ecti on met hod,  a soluti on has  a 
pr obabilit y of  sel ecti on directl y pr oporti onal  to its  fit ness.  The mechanis m t hat 
all ows  fit ness  pr oporti onal  sel ecti on i s  si mil ar  t o a r oul ette wheel  t hat  is  partiti oned 
int o slices.  Each i ndi vi dual  has  a share directl y pr oporti onal  t o its  fit ness.  When t he 
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roulette wheel  i s  r ot at ed, an i ndi vi dual  has  a chance of  bei ng sel ect ed correspondi ng 
to its share. 
 
Ranked sel ecti on:  The proble m of  fit ness-proportional  sel ecti on i s  t hat  it i s  directl y 
based on fit ness.  In most  cases,  we  cannot  defi ne an accurat e measure of  goodness  of 
a sol uti on,  so t he assi gned fit ness  val ue does  not  express  exactl y t he qualit y of  a 
sol uti on.  Still,  an i ndi vidual  wit h better  fit ness  val ue i s  a better  i ndi vi dual.  I n rank 
based sel ecti on,  t he i ndi viduals  are or dered according t o t heir  fit ness.  The indi vi duals 
are t hen sel ected wit h a probabilit y based on some linear functi on of t heir rank.  
 
Tournament  sel ecti on:  I n t ourna ment  sel ecti on,  a set  of  n i ndi vi duals  are chosen from 
the popul ati on at  rando m.  Then t he best  of  t he pool  i s  sel ect ed.  For  n =1,  the  met hod 
is equi val ent  t o rando m sel ecti on.  The hi gher  i s  t he val ue of  n,  t he more di rect ed t he 
selecti on is t owar ds better indi vi duals. 
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3. B- SPLI NE CURVES 
For mul a for a cubi c B-spline in ter ms of para metric equati ons whose para met er is u.  
Gi ven t he poi nts  n,....,1,0i),y,x(p
iii
    ,  t he cubi c B-spli ne f or  t he int erval 
is,1n,.......,2,1i),p,p(
1ii
       
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pi  refers  t o t he poi nt  (xi  ,  yi  );  it  i s  a t wo-component  vect or.  The coefficients,  t he bk’s, 
serve as  a  basis and do not  change as  we  move from one set  of  poi nts  to t he next. 
Observe t hat  t hey can be consi dered wei ghti ng fact ors  applied t o t he coordi nat es  of  a 
set  of  f our  poi nts.  The wei ght ed sum,  as  u varies  from 0 t o 1,  generat es  t he B-spli ne 
curve.  
If we write out the equations for x and y from Equati on (3. 2), we get 
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Not e t he not ation here:  xi  ( u)  and yi  (u)  are f uncti ons  of  u and xi  ,  yi  are co mponent s  of 
the poi nt  p.  The u-cubics  act  as  wei ghti ng factors  on t he coor di nat es  of  t he f our 
successi ve poi nts  t o generate t he cur ve.  For  exampl e,  at  u = 0,  t he wei ghts  appli ed 
are 1/ 6,  2/ 3,  1/ 6 and 0.  At  u =1,  t hey are 0,  1/ 6,  2/ 3,  and 1/ 6.  These values  var y 
throughout t he interval fro m u = 0 to u = 1.  
No w we  can exa mi ne two B-spli nes  det er mi ned from a  set  of  exactl y four  poi nts. 
Fi gure 3. 1a and 3. 1b show t he effect  of  varyi ng just  one of  t he poi nts.  As  you woul d 
expect,  when p2  i s  moved upwar d and t o t he l eft,  the curve t ends  t o f oll ow;  i n fact,  it 
is pulled t o t he opposite si de of  p1.  You may be sur prised t o see t hat  t he cur ve i s 
never  very cl ose t o t he two i nt er medi ate poi nts,  though it  begi ns  and ends  at  positi ons 
some what  adj acent.  It  wi ll  be hel pful  t o t hi nk of  t he cur ve generat ed fr om t he 
defi ni ng equati on f or  B1  as  associ ated wit h a  cur ve t hat  goes  from near  p1  to p2.  It  i s 
also hel pful t o re me mber that poi nts p0, p1, p2, and p3 are used t o get B1. 
                                                          
 
Fi gure 3. 1 Effects of varyi ng j ust one of t he poi nts on B-spli nes 
 
Because a  set  of  f our  points  i s  required t o generate onl y a porti on of  t he B- spli ne,  t hat 
associ ated wit h t he t wo inner  poi nts,  we  must  consi der  how t o get  t he B- spli ne f or 
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mor e t han f our  poi nts as well  as  how t o ext end the cur ve i nt o t he regi on outsi de of 
the mi ddl e pair.  For  t his  we  can march al ong one poi nt  at  a ti me,  f or mi ng ne w set s  of 
four. We abandon t he first of t he ol d set when we add t he ne w one.  
 
The conditi ons  t hat  we  want  t o i mpose on t he B-spli ne are:  conti nuit y of  t he cur ve 
and its  first  and second deri vati ves.  It  t urns  out  that  t he equati ons  f or  t he wei ghti ng 
fact ors  (t he u- pol yno mi als,  t he bk)  are such t hat  these require ments  are met.  Fi gure 
3. 2 shows how t hree successi ve parts of a B-spli ne mi ght l ook.  
 
Fi gure 3. 2  Successi ve B-spli nes j oi ned t oget her 
 
We can summarize the properties of B-spli nes as foll ows:  
    
1.  B-spli nes are pieced t ogether so they agree at their joi nts i n t hree ways:  
   a. 
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2.  The portion of t he cur ve det er mi ned by each group of four poi nts is wit hi n  
the convex hull of t hese poi nts. 
 
No w we  consi der  how t o generat e t he ends  of  t he j oi ned B-spli ne.  If  we  have poi nts 
from p0  t o pn,  we  already can construct  B-spli nes  B1  t hrough Bn- 2.  We  need B0  and 
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Bn- 1.  Our  pr obl e m i s  t hat,  usi ng t he pr ocedure already defi ned,  we  woul d need 
additi onal poi nts outsi de the domai n of t he gi ven poi nts.  
 
First,  we can add more poi nts  wit hout  artificiality by maki ng t he added poi nts 
coi nci de wit h t he gi ven extre me  poi nts.  If  we  add not  j ust  a si ngl e fi ctitious  poi nt  at 
each end of  t he set,  but  t wo at  each end,  we  will fi nd t hat  t he ne w cur ves not  onl y 
joi n pr operl y wit h t he portions  already made,  but  start  and end at  t he extreme  poi nts 
as  we  want ed.  In summary,  we  add fi ctiti ous  points  p- 2,  p- 1,  pn+1,  and pn+2 ,  wi t h t he 
first t wo i dentical wit h p0 and t he last t wo i dentical wit h pn. 
 
The matri x for mul ati on for cubi c B-spli ne is: 
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4. POTENTI AL FLOW AND PANEL METHOD 
4. 1 Governi ng Equati ons  
Conservati on of mass (conti nuit y equati on): 
0 V                   (4. 1) 
For an irrotational fl ow:  
V                   (4. 2) 
Therefore,  for  a  fl ow t hat i s  bot h i ncompressi bl e and irrot ational  equati on 1 and 2 can 
be combi ned t o yi el d 
0)(      then 
02                     (4. 3) 
Equati on 3 is Lapl ace’s equati on 
 
For  a  t wo di mensi onal  i ncompressi bl e fl ow,  a strea m f uncti on  can be defi ned such 
that 
y
u
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                              (4. 4) 
x
v
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                   (4. 5) 
The conti nuit y equati on, 0 V , expressed i n cartesian coor di nat es, is 
0
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y
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V                  (4. 6) 
Substit uting equati on (4.4) and (4. 5) i nt o equati on (4. 6) we obt ai n 
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Si nce t he fl ow is irrotational: 
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Substit uting equati on (4.4) and (4. 5) i nt o equati on (4. 8): 
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Thi s  i s  also Lapl ace’s  equati on.  So,  t he stream f uncti on al so satisfies  Lapl ace’s 
equati on.  
4. 2 Hess- Smi t h Panel Met hod 
There are many choi ces  as  t o how t o f or mul at e a panel  met hod (si ngul arity sol uti ons, 
variati on wit hi n a panel,  si ngul arit y strengt h and distri buti on,  et c.)  The simpl est  and 
first  trul y practical  method was  due t o Hess  and Smit h [ 19].  It  i s  based on a 
di stri buti on of sources and vortices on t he surface of t he geometry. In t heir met hod:  
 
vs
                 (4. 10) 
 
where,    i s  t he t ot al  pot ential  functi on and its  t hree co mponents  are t he pot entials 
correspondi ng t o t he free strea m,  t he source di stributi on,  and t he vortex di stri buti on. 
These l ast  t wo di stri buti ons  have pot entiall y l ocally varyi ng strengt hs  q(s)  and )s( , 
where s  i s  an arc-lengt h coor di nat e whi ch spans  the co mpl et e surface of  t he airfoil  i n 
any way you want. 
The pot entials creat ed by the distri buti on of sources/si nks and vortices are gi ven by:  
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where t he vari ous quantities are defi ned i n t he Fi gure bel ow:  
 
  Fi gure 4. 1 Airfoil Anal ysis No mencl at ure for Panel Met hods 
 
Noti ce t hat  i n t hese f or mul ae,  t he i nt egrati on i s  t o be  carried out  al ong t he co mpl et e 
surface of  t he airfoil.  Usi ng t he superpositi on princi pl e,  any such di stributi on of 
sources/si nks  and vortices  satisfies  Lapl ace’s  equati on,  but  we  will  need t o fi nd 
conditi ons  f or  q(s)  and  (s)  such t hat  t he fl ow t angency boundary conditi on and t he 
Kutt a conditi on are satisfied.  
 
Noti ce t hat we have multiple opti ons. In t heory, we coul d:  
 Use t he source strengt h di stri buti on t o satisfy fl ow t angency and t he vortex 
di stri buti on t o satisfy t he Kutt a conditi on.  
 
 Use arbitrary combi nati ons of bot h sources/si nks and vortices t o satisfy 
bot h boundary conditi ons si multaneousl y.  
 
Hess and Smit h made t he followi ng vali d si mplificati on:  
 
Take t he vort ex strength t o be const ant  over  the whol e airfoil  and use t he Kutt a 
conditi on t o fi x its  val ue,  while all owi ng t he source strengt h t o vary from panel  t o 
panel  so t hat,  t oget her  wi t h t he const ant  vort ex di stri buti on,  t he fl ow t angency 
boundary conditi on is satisfied everywhere.  
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Al t ernati ves  t o t his  choi ce are possi bl e and result  in different  t ypes  of  panel met hods. 
As k i f  you want  t o know more about  t he m.  Usi ng t he panel  decompositi on fr om t he 
figure bel ow,  
 
 
 
    Fi gure 4. 2 Defi niti on of Nodes and Panels 
 
we can ‘ ‘discretize’ ’ Equation (10) i n t he foll owi ng way:  
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Si nce Equati on ( 4. 12)  i nvol ves  i nt egrations  over  each discrete panel  on t he surface of 
the airfoil,  we  must  somehow para met erize t he vari ati on of  source and vort ex 
strengt h wit hi n each of  the panels.  Si nce t he vortex strengt h was  consi dered t o be  a 
const ant,  we onl y need worry about  t he source strengt h di stri buti on wi t hi n each 
panel. 
 
Thi s  i s  t he maj or  appr oximati on of  t he panel  met hod.  Ho wever,  you can see how t he 
i mportance of  t his appr oxi mati on shoul d decrease as  t he nu mber of  panels, 
N (of  course t his  will  i ncrease t he cost  of  t he comput ati on consi derabl y,  so 
there are more efficient alternati ves.) 
 
If  we  t ake t he si mpl est  possi bl e appr oxi mati on,  that  i s,  t o t ake t he source strengt h t o 
be const ant on each of t he panels: 
 
 
i
q)s(q  on panel I,     i = 1, ……, N 
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Therefore,  we  have  N + 1 unknowns  t o sol ve f or  in our  pr obl e m:  t he N panel  source 
strengt hs  
i
q  and t he const ant  vortex strengt h  .  Consequentl y,  we  will  need  N + 1 
independent  equati ons  whi ch can be obt ai ned by f or mul ati ng t he fl ow t angency 
boundary conditi on at  each of  t he N panels,  and by enf orci ng t he Kutta condit i on 
discussed previ ousl y.  The sol uti on of  t he pr oble m will  require t he i nversi on of  a 
mat ri x of size     ( N +1) x ( N +1). 
 
The fi nal  questi on t hat r e mai ns  i s:  where shoul d we  i mpose t he fl ow t angency 
boundary conditi on? The followi ng opti ons are availabl e: 
 
 The nodes of t he surface panelizati on.  
 
 The poi nts  on t he surface of  t he act ual  airfoil,  halfway bet ween each adj acent 
pair of nodes. 
 
 The poi nts l ocat ed at the mi dpoi nt of each of t he panels.  
 
We  will  see i n a moment  t hat  t he vel ocities  are i nfi nite at  t he nodes  of  our 
panelizati on, whi ch makes the m a poor choi ce for boundary conditi on i mpositi on.  
 
The second opti on is reasonabl e, but rat her difficult to i mpl e ment i n practice.  
 
The l ast  opti on i s  t he one Hess  and Smit h chose. Al t hough it  suffers  from a  sli ght 
alterati on of  t he surface geo metry,  it  i s  easy t o impl e ment  and yi el ds  fairly accurat e 
results for  a reasonable nu mber  of  panels.  This  l ocati on i s  also used f or  t he 
i mpositi on of  t he Kutta conditi on ( on t he l ast  panels  on upper  and l ower  surfaces  of 
the airfoil,  assumi ng t hat t heir  mi dpoi nts re mai n at  equal  di stances  from t he t raili ng 
edge as t he number of panels is increased).  
If  we  want  t o i mpl e ment  the met hod;  consi der  t he ith panel  t o be l ocat ed bet ween t he 
ith and (i + 1)t h nodes, with its orient ation t o t he x-axis gi ven by 
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
    
i
i1i
i
l
xx
cos

                 (4. 13) 
 
where li  i s  t he l engt h of t he panel  under  consi derati on.  The nor mal  and t angenti al 
vect ors t o t his panel, are then gi ven by 
 
jin ˆcosˆsinˆ iii   
                 (4. 14) 
jit ˆsinˆcosˆ iii   
 
The t angential  vect or  i s  orient ed i n t he directi on from node i  t o node i  +1,  whil e t he 
nor mal vect or, if the airfoil is traversed cl ockwi se, poi nts i nt o t he fl ui d.  
 
  Fi gure 4. 3 Local Panel Coor di nat e Syst e m 
 
 
Furt her more, the coordi nat es of t he mi dpoi nt of t he panel are gi ven by 
 
2
xx
x 1ii
i
  
2
yy
y 1ii
i
                (4. 15) 
 
and t he vel ocit y components at these mi dpoi nts are gi ven by 
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The fl ow t angency boundary conditi on can t hen be si mpl y written as  0)( nu

,  or, 
for each panel 
 
0cosvsinu
iiii
   for  i = 1, ……, N          (4. 16) 
 
whil e t he Kuttta conditi on is si mpl y gi ven by 
 
NNNN1111
sinvcosusinvcosu        
(4. 17) 
 
where t he negati ve si gns  are due t o t he fact  t hat  t he t angential  vect ors  at  t he first  and 
last panels have nearl y opposite directions.  
 
No w,  t he vel ocit y at  t he mi dpoi nt  of  each panel  can be co mput ed by superpositi on of 
the contri buti ons  of  all  sources  and vortices  l ocated at  t he mi dpoi nt  of  every panel 
(i ncl udi ng itself).  Si nce the vel ocit y i nduced by the source or  vort ex on a panel  i s 
pr oporti onal  t o t he source or  vortex strengt h i n t hat  panel,  
i
q and   can be pulled out 
of t he i ntegral in Equati on (4. 12) t o yi el d 
 
 
 

N
1j
N
1j
vijsijji uuqcosVu  
                 (4. 18) 
 
 

N
1j
N
1j
vijsijji vvqsinVv  
 
where usij  ,  vsij  are t he vel ocit y co mponents  at  t he mi dpoi nt  of  panel  i  i nduced by a 
source of  unit  strengt h at  t he mi dpoi nt  of  panel j.  A si mil ar  i nt erpret ation can be 
found f or  uvij  ,  vvij.  In a coor di nat e syst e m t angent ial  and nor mal  t o t he panel,  we  can 
perfor m t he i nt egrals in Equati on ( 4. 12)  by notici ng t hat  t he l ocal  vel ocit y 
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components  can be expanded i nt o absol ut e ones  accordi ng t o t he f oll owi ng 
transfor mati on: 
 
j
*
j
* sinvcosuu   
                 (4. 19) 
j
*
j
* cosvsinuv   
 
No w,  t he l ocal  vel ocit y components  at  t he mi dpoi nt  of  t he it h panel  due t o a  unit -
strengt h source distri bution on t his jth panel can be written as 
 
dt 
y)tx(
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  
where )y,x( ** are t he coor di nat es  of  t he mi dpoi nt  of  panel  i  i n t he l ocal  coor di nate 
syste m of panel j. Carrying out t he i ntegrals i n Equati on (4. 20) we fi nd t hat  
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       (4. 21) 
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These results have a si mpl e geo metric i nt erpret ation t hat  can be di scerned by l ooki ng 
at t he fi gure bel ow. One can say t hat  
ij
1ij*
sij
r
r
ln
2
1
u



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                 (4. 22) 
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 Fi gure 4. 4 Geo metric Interpret ation of Source and Vort ex Induced Vel ocities 
 
rij  is  t he di stance from t he mi dpoi nt  of  panel  i  t o the jt h  node,  whil e ij  i s  t he angl e 
subt ended by t he jt h  panel  at  t he mi dpoi nt  of  panel  i.  Notice t hat  0u
*
sii
 ,  but  the 
val ue of  
*
sii
v is not  so cl ear.  When t he poi nt  of  i nt erest  approaches  t he mi dpoi nt  of  t he 
panel  from t he outsi de of  t he airfoil,  t his  angl e 
ii
.  However,  when t he 
mi dpoi nt  of  t he panel  i s appr oached from t he i nsi de of  t he airfoil,  
ii
. Si nce 
we are i nt erested i n t he flow outsi de of t he airfoil onl y, we will al ways take 
ii
. 
 
Si mil arl y,  for  t he vel ocity fi el d i nduced by t he vortex on panel  j  at  t he mi dpoi nt  of 
panel i we can si mpl y see t hat 
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and fi nall y,  t he fl ow t angency boundary condition,  usi ng Equati on (4. 18),  and 
undoi ng t he local coordinat e transfor mati on of Equati on (4. 19) can be written as 
 


 
N
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i1iNjij
bAqA               (4. 24) 
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where 
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whi ch yi el ds 
ijji
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1ij
jiij
)cos(
r
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ln)sin(A2 

           (4. 26) 
Si mil arl y for t he vortex strengt h coefficient  
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The ri ght hand si de of t his matri x equati on is gi ven by 
 
)sin(Vb
ii
                 (4. 28) 
 
The fl ow t angency boundary conditi on gi ves  us  N equati ons.  We  need an additi onal 
one pr ovi ded by t he Kut ta conditi on i n or der  t o obt ai n a syst e m t hat  can be  sol ved. 
Accor di ng t o Equati on (4. 17) 
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Aft er si milar mani pul ations we fi nd t hat  
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)cos(V)cos(Vb
N11N
               (4. 31) 
 
where t he sum   N,1k are carried out  onl y over  t he first  and l ast  panels,  and not  the 
range  N,1 . These vari ous expressi ons set up a matri x pr obl e m of t he ki nd 
 
bAx   
 
where t he matri x A i s  of  si ze ( N + 1) x( N + 1).  This  syst e m can be sket ched as 
foll ows:  
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Noti ce t hat  t he cost  of  inversi on of  a  f ull  matri x such as  t his  one i s  O ( N + 1)
3
 ,  so 
that,  as  t he nu mber  of  panels  i ncreases  wit hout  bounds,  t he cost  of  sol vi ng t he panel 
pr obl e m i ncreases rapi dly.  
 
Fi nall y,  once you have sol ved t he syst e m f or  t he unknowns  of  t he pr obl em,  it  i s  easy 
to construct  t he t angential  vel ocit y at  t he mi dpoint  of  each panel  according t o t he 
foll owi ng for mul a 
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And knowi ng t he t angential  vel ocit y co mponent,  we  can co mput e t he pressure 
coefficient  (no appr oxi mati on si nce Vni  = 0)  at  t he mi dpoi nt  of  each panel accor di ng 
to t he foll owi ng for mul a 
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from whi ch t he f orce and mo ment  coefficients  can be co mput ed assumi ng t hat  t his 
val ue of Cp is const ant over each panel and by perfor mi ng t he discret e sum.  
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5. I NVERSE DESI GN OF AI RFOI LS 
 
In i nverse desi gn,  pur pose i s  t o fi nd a pr oper  airfoil  shape,  whi ch gi ves  t he pre-
specified pressure di stri buti on.  In t his  wor k t wo met hods  used t o i mpl e ment  i nverse 
desi gn.  First  met hod used i s  based on a  genetic al gorithm.  Second met hod i s  based 
on a resi dual correcti on algorithm.  
5. 1 Inverse desi gn wit h Ge neti c Al gorithm  
In t his  met hod,  Fortran code of  a  genetic al gorithm written by Davi d L.  Carroll 
( Uni versit y of  Illi nois)  is used .  I nverse desi gn probl e m i s  sol ved as  an opti mi zati on 
pr obl e m such t hat, the value of t he bel ow equati on is maxi mi zed.  
 
2
p
n
1i
p )Tcc(Funcval ii 

                 (5. 1) 
So an i nverse pr obl e m may t ransfor m i nt o an opti mi zati on pr obl e m wit h t his 
for mul ati on.  Thi s  genetic al gorit hm code i s  co mpi led t oget her  wit h Smit h-Hess  Panel 
Met hod Code and B-spline Cur ve Generat or  Code.  Fl ow chart  of  t his  code i s  as 
foll ow:  
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Fi gure 5. 1 Inverse desi gn wit h genetic al gorithm flow chart  
5. 2 Inverse Desi gn wit h Resi dual Correcti on Al gorit hm 
In t his  met hod,  a resi dual  correcti on met hod i s  used [ 17].  Correspondi ng differential 
equati on: 
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A,  B, C are arbitrary constants det er mi ni ng t he rate of change of t he airfoil. 
 
If  we  use fi nite differences  t o di scritize t he equation,  appr oxi mati on of   
dx
Yd
 on t he 
upper surface: 
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Input Tcp 
Popul ation generati on 
Ai rfoil shape generati on wi t h B-spli ne 
Co mput ati on of cp’s wit h panel met hod 
Co mparison of cp and Tcp 
Ma xi mu m generati on number  
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Exit 
No 
i-1 i +1 
i 
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Appr oxi mati on of  
dx
Yd
 on t he l ower surface: 
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Then approxi mati on of  
2
2
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Yd 
 on t he upper surface: 
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A si mil ar  equati on occurs  on t he l ower  surface.  At  t he l eadi ng edges  and t he t raili ng 
edges  Y  i s  accept ed as  zero.  Wi t h t hese appr oxi mati ons,  we  can write f ollowi ng 
for mul ati on: 
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Then t he coefficients of the syste m  
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As  a  result  of  t his  for mul ati on,  we  can constit ute t ri-di agonal  Nx N coefficient  matri x. 
To sol ve t his  syst e m Thomas  al gorit hm i s  used.  So we  can have a  Y for  each poi nt 
on t he airfoil. Then, usi ng t his Y we can fi nd ne w Y val ue for each poi nt, such t hat: 
 
YYY
oldnew
                   (5. 8) 
 
A,  B,  and C const ants  det er mi ne t he sensiti vity of  Y ;  t he bi gger  const ants  lead t o 
s maller  Y val ues.  Thi s  al gorit hm code i s  also co mpiled t oget her  wit h Smith- Hess 
Panel Met hod Code. Fl ow chart is as foll ows:  
 
  
 
 
 
 
 
 
 
  
 
 
 
 
 
Fi gure 5. 2 Inverse desi gn wit h resi dual correcti on al gorithm fl ow chart  
 
 
 
 
Input Vt  and starti ng airfoil shape 
Cal cul ati on of  
i
Y ’s 
Obt ai ni ng YYY
oldnew
  
Co mput ati on of new V with  
panel  met od 
St oppi ng criteria is satisfied? Exit 
Yes 
No 
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6. RESULTS AND CONCLUSI ON  
To t est  previ ousl y mentioned t wo met hods,  a t est case i s  utilized.  Eppl er  361 airfoil 
that  is  desi gned f or  r ot orcrafts is  used f or  t est  case.  Fl ow ar ound Eppl er  361 airfoil 
wi t h 5- degree angl e of  attack i s  anal yzed.  As  a result  of  t his  anal ysis,  pressure 
di stri buti on and vel ocit y di stri buti on on t he airfoil are obt ai ned.  Bel ow fi gures  show 
Eppl er 261 airfoil geometry and pressure distri bution on t he airfoil respectivel y.  
Eppler 361
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Fi gure 6. 1 Target geomet ry and pressure distri bution 
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6. 1 Results of Inverse Desi gn wit h Genetic Al gorithm 
 
In i nverse desi gn wit h genetic al gorithm,  results of  pressure di stri buti on and airfoil 
geo metry obt ai ned from different  it eration nu mber  are present ed wit h the t arget 
pressure distri buti on and airfoil geometry.  
 
For generati on number 200, results may be seen bel ow:  
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Fi gure 6. 2 Results of genetic al gorit hm after generati on 200  
For  generati on nu mber  200,  it  i s  seen t hat  results is  not  so good and t here are 
re mar kabl e differences  in pressure di stri buti ons and,  of  course,  airfoil geo metry. 
Whi l e it erati on nu mber  increases,  results obt ai ned st art  t o rese mbl e  t o t arget  val ues. 
For exa mpl e in generati on number 1000, results may be seen bel ow:  
 33 
x/c versus Cp
-2
-1.5
-1
-0.5
0
0.5
1
1.5
0 0.2 0.4 0.6 0.8 1
x/c
C
p Target Cp
New  Cp
x/c versus y/c
-0.1
-0.05
0
0.05
0.1
0 0.2 0.4 0.6 0.8 1
x/c
y
/c
Target Airfoil
New Airfoil
 
Fi gure 6. 3 Results of genetic al gorithm after generati on 1000 
 
Al t hough results see m better  wit h respect  t o generati on nu mber  200,  differences  from 
target  val ues  are not  negligi bl e.  So if  we  conti nue t o it erat e,  we  can co me up wit h 
good results.  As  an exampl e,  obt ai ned results in generati on nu mber  4000 may be 
seen bel ow:  
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Fi gure 6. 4 Results of genetic al gorithm after generati on 4000 
As  it  i s  seen i n t he fi gures  above,  at  t he generation nu mber  4000,  t arget  pressure 
di stri buti ons  and airfoil  geo metry are obt ai ned with sli ght  differences.  More results 
from different  generati on nu mbers  are availabl e in t he appendi x.  At  first, l ooki ng at 
generati on nu mber  4000,  cost  of  t his  co mput ation may be regarded as  hi gh.  But, 
si nce t he ti me consumed by t he al gorithm f or  one generati on i s  t oo l ow,  actuall y it  i s 
not so costl y.  
6. 2 Results of Inverse Desi gn wit h Resi dual Correcti on Al gorithm 
Whil e i mpl e menti ng t his met hod,  different  A,  B,  and C const ant  val ues  are used t o 
see t he effects  of  t hese const ants  on results and iterati on nu mber.  In addition,  for  t hi s 
met hod t wo different criteria are defi ned. These are:  
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a)   5.1cTc
2n
1i
pp ii


  and 
b)   1cTc
2n
1i
pp ii


 
When t hese criteria are satisfied, al gorithm st ops. For exa mpl e, for t he case of A = 1,  
B = 1,  C = 1,  obt ai ned results for  criteria (a),  after  t he it eration nu mber  80 are as 
foll ows:  
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     Fi gure 6. 5 Results of  resi dual correcti on al gorithm after iteration 80 ( A, B, C=1)  
 
If  we  appl y t he second criteria wit h t he sa me  A,  B and C val ues,  after  977 it erati on 
we come up wit h: 
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Fi gure 6. 6 Results of  residual correcti on al gorithm aft er iteration 977 ( A, B, C=1)  
 
It  i s  seen t hat,  for  t his  criteria,  differences  occurred about  t he l eadi ng edge i n first 
criteria mostl y di sappeared.  So we  can reach nearl y t he sa me pressure distri buti on 
wi t h target pressure distributi on.  
 
If  we  t ake t he A = 3,  B =3,  C = 3 f or  t he sa me t wo criteria,  pressure di stri buti on, 
airfoil  geo metry and iterati on nu mber  at  whi ch the criteria i s  satisfied are present ed 
bel ow.  
 
For t he first criteria, after 237 iterations, results are:  
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Fi gure 6. 7 Results of  residual correcti on al gorithm aft er iteration 237 ( A, B, C=3)  
 
 
For t he second criteria, after 2931 iterations, results are: 
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Fi gure 6. 8 Results of  residual correcti on al gorithm aft er iteration 2931 ( A, B, C=3)  
 
 
As expected, iteration numbers gets larger, while there is an i ncrease in A, B,  C.  
To see t his  effect  more evi dentl y  ,  it  may be beneficial  t o see t he results of  t he case 
A = 10, B = 10, C = 10. For t he first criteria, after 789 iteration, obtai ned results are:  
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Fi gure 6. 9 Results of  residual correcti on al gorithm aft er iteration 789 ( A, B, C=10)  
 
For t he second criteria, after 9763 iteration, obtai ned results are:  
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Fi gure 6. 10 Results of  resi dual correcti on al gorithm aft er iteration 9763 ( A, B, C=10) 
 
By usi ng t hese t hree cases,  we  can see t he effects  of  A,  B,  C const ants  on t he 
required iteration t o satisfy t he criteria. Foll owi ng tabl e shows t he trend.  
 
Tabl e 6. 1 Co mparison of results accordi ng t o constants and criteria  
Val ues of A, B, C 
Requi red iterati on number 
for the first criteri a 
Requi red iterati on number 
for the second criteri a 
1 80 977 
3 237 2931 
10 789 9763 
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6. 3 Concl usi on 
Bot h i nverse desi gn met hods  gi ve accept able results.  Met hod wit h genetic  al gorit hm 
creat es  st arti ng generati ons  rando ml y.  Therefore,  alt hough obt ai ned results are i n t he 
accept able li mits,  some  differences  from t arget  values  t ake attenti on.  But  on t he ot her 
hand,  rando mness  of  t he genetic al gorithm also creates  an advant age.  That  i s,  si nce 
genetic al gorithm has  rando mness,  accuracy of  the al gorithm does  not  change t oo 
much dependi ng on position on t he airfoil.  And t his  feat ure of  t he al gorit hm may 
creat e an advant age i n t he case of more compl ex geo metries.  
 
The met hod wit h resi dual  correcti on al gorithm see ms  rel ati vel y better  t han t he 
met hod wit h genetic algorit hm.  For  t his  t est  case,  because resi dual  correcti on 
al gorithm st arts it eration wi t h a certai n airfoil  ( NACA 0012),  it  reaches  better  results. 
But  si nce,  i n t his  al gorith m,  t arget  val ues  are reached by usi ng Y ’s,  sensitivit y of 
Y is i mport ant  for  obt ai ni ng t arget  val ues.  So al gorithm accuracy varies  accor di ng 
to positi on on t he airfoil. 
 
For  exa mpl e,  alt hough obt ai ned results for  ot her  part  of  t he airfoil  fit  very well  t o t he 
target  val ues,  al gorithm accuracy does  not  show the sa me  t rend i n t he l eadi ng edge. 
In l eadi ng edge,  re mar kabl e difference i s  seen.  To correct  t his  sit uati on,  we  must 
decrease val ue of criteria and t his leads to an increase in iteration number.  
 
In additi on t o t hese,  i n the case of  more co mpl ex pr obl e ms,  first  met hod i s  used t o 
creat e an i nitial airfoil geo metry for t he second method.         
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APPENDI X A 
 
All  results from bot h inverse desi gn wit h genetic al gorithm and i nverse desi gn wit h 
resi dual correcti on al gorithm are present ed bel ow:  
 
A. 1 Results of Inverse Desi gn wit h Geneti c Algorit hm 
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  Fi gure A. 1 Results of genetic al gorithm after generati on 200 
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Ge nerati on 400: 
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Fi gure A. 2 Results of genetic al gorithm after generati on 400 
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Ge nerati on 800: 
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Fi gure A. 3 Results of genetic al gorithm after generati on 800 
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Ge nerati on 1200: 
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Fi gure A. 4 Results of genetic al gorithm after generati on 1200 
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Ge nerati on 1800: 
 
x/c versus Cp
-2
-1.5
-1
-0.5
0
0.5
1
1.5
0 0.2 0.4 0.6 0.8 1
x/c
C
p Target Cp
New Cp
 
 
x/c versus y/c
-0.1
-0.05
0
0.05
0.1
0 0.2 0.4 0.6 0.8 1
x/c
y
/c Target Airfoil
New Airfoil
 
Fi gure A. 5 Results of genetic al gorithm after generati on 1800 
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Ge nerati on 2500: 
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Fi gure A. 6 Results of genetic al gorithm after generati on 2500 
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Ge nerati on 3500: 
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Fi gure A. 7 Results of genetic al gorithm after generati on 3500 
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Ge nerati on 4000: 
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Fi gure A. 8 Results of genetic al gorithm after generati on 4000 
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A. 2 Results of Inverse Desi gn wit h Resi dual Correcti on Al gorithm 
 
A = B = C = 1 
 
For t he first criteria, iteration 80:  
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Fi gure A. 9 Results of  resi dual correcti on al gorithm aft er iteration 80 ( A, B, C=1)  
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For t he second criteria, iterati on 977:  
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    Fi gure A. 10 Results of  resi dual correcti on al gorithm after iteration 977 (A, B, C = 1) 
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A = B = C = 4 
 
For t he first criteria, iteration 316:  
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    Fi gure A. 11 Results of  resi dual correcti on al gorithm after iteration 316 (A, B, C = 4) 
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For t he second criteria, iterati on 3907:  
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    Fi gure A. 12 Results of  resi dual correcti on al gorithm after iteration 3907 ( A, B, C = 4) 
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A = B = C = 6 
 
For t he first criteria, iteration 474: 
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Fi gure A. 13 Results of  resi dual correcti on al gorith m after iteration 474 ( A, B, C = 6) 
 
 
 
 
 
 
 57 
 
 
For t he second criteria, iterati on 5860:  
 
x/c versus Cp
-2
-1.5
-1
-0.5
0
0.5
1
1.5
0 0.2 0.4 0.6 0.8 1
x/c
C
p Target Cp
Comp. Cp
x/c versus y/c
-0.1
-0.05
0
0.05
0.1
0 0.2 0.4 0.6 0.8 1
x/c
y
/c eppler 361
Comp Airfoil
 
    Fi gure A. 14 Results of  resi dual correcti on al gorithm after iteration 5860 ( A, B, C = 6) 
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A = B = C = 15 
 
For t he first criteria, iteration 1183:  
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    Fi gure A. 15 Results of  resi dual correcti on al gorithm after iteration 1183 ( A, B, C = 15) 
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For t he second criteria, iterati on 14640:  
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   Fi gure A. 16 Results of  resi dual correcti on al gorithm after iteration 14640 ( A, B, C = 15)  
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APPENDI X B 
  
The fortran code of i nverse desi gn wit h resi dual correcti on al gorithm is presented bel ow. The 
fortran code of i nverse desi gn wit h genetic al gorith m is also present ed i n a CD.  
 
PROGRAM RESI DUAL 
 
 DI MENSI ON R( 82), TVEL( 84), DY( 82), CVEL( 84), BA( 43, 43), BU( 39, 39) 
 DI MENSI ON BAA( 43), B(82,82), XA( 43), XU( 39), DYTOT( 82), PANLEN( 84)  
 DI MENSI ON BAU( 43), BAD(43), BUA( 39), BUU( 39), BUD(39), BAR( 43), BUR( 39)  
 DI MENSI ON CCP( 84), TCP(84) 
 REAL TOTCP 
 I NTEGER COUNT 
 I NCLUDE ' COMMONS'  
 OPEN( 5, FI LE=' NACA0012XY2. DAT' ) 
 OPEN( 7, FI LE=' TARGET_ VEL2. DAT' ) 
 OPEN( 9, FI LE=' Y2. DAT' ) 
 OPEN( 75, FI LE=' D2. DAT' ) 
 OPEN( 90, FI LE=' KO2. DAT' ) 
 OPEN( 91, FI LE=' TCP2. DAT' ) 
 OPEN( 92, FI LE=' CCP2. DAT' ) 
  
 COUNT=0  
 LDA=82 
 IPATH=1 
  K1=15 
  K2=15 
  K3=15 
  
       DO I =1, 82 
  DYTOT(I) =0.  
 END DO 
   
       DO I =1, 84 
 READ( 5, *) X(I), Y(I) 
 END DO 
 
 DO I =1, 84 
  READ( 7, *) TVEL(I) 
 TCP(I) =1-( TVEL(I))**2 
 END DO 
 
 25 CALL PANEL( X, Y)  
  
 DO I =1, 84 
 PANLEN(I) =XLENG(I) 
 END DO 
 
 CCP( 1) =( CP( 1)*XLENG( 84)+CP( 84)*XLENG( 1))/( XLENG( 1) +XLENG( 84)) 
 
 DO I =2, 84 
 CCP(I) =( CP(I-1)*XLENG(I)+CP(I)*XLENG(I-1))/( XLENG(I) +XLENG(I-1)) 
 END DO 
 CVEL(I) =SQRT( 1- CCP(I)) 
 61 
 END DO 
  
 DO I =1, 82 
 IF(I. EQ. 1) THEN 
 B(I,I+1) =( K2/( X(I +2)- X(I +1)))-2*K3/(( X(I +2)- X(I +1))* 
             1 ( X(I +2)- X(I))) 
 B(I,I)=K1- K2/( X(I +2)- X(I +1))+(2*K3/( X(I +2)- X(I)))* 
             1 ((1/( X(I +2)- X(I +1)))+(1/( X(I +1)- X(I)))) 
  R(I)=(( TVEL(I +1))**2)-(( CVEL(I +1))**2) 
      
 ELSE I F(I. GT. 1. AND. I. LT. 43) THEN 
 B(I,I+1) =( K2/( X(I +2)- X(I +1)))-2*K3/(( X(I +2)- X(I +1))* 
             1 ( X(I +2)- X(I))) 
 B(I,I)=K1- K2/( X(I +2)- X(I +1))+(2*K3/( X(I +2)- X(I)))* 
             1 ((1/( X(I +2)- X(I +1)))+(1/( X(I +1)- X(I)))) 
 B(I,I-1) =-2*K3/(( X(I +1)- X(I))*( X(I +2)- X(I))) 
 R(I) =(( TVEL(I +1))**2)-(( CVEL(I +1))**2) 
 
 ELSE I F(I. EQ. 43) THEN 
 B(I,I)=K1- K2/( X(I +2)- X(I +1))+(2*K3/( X(I +2)- X(I)))* 
             1 ((1/( X(I +2)- X(I +1)))+(1/( X(I +1)- X(I)))) 
 B(I,I-1) =-2*K3/(( X(I +1)- X(I))*( X(I +2)- X(I))) 
 R(I) =(( TVEL(I +1))**2)-(( CVEL(I +1))**2) 
 
 ELSE I F(I. EQ. 44) THEN 
 B(I,I+1) =( K2/( X(I +3)- X(I +2)))-2*K3/(( X(I +3)- X(I +2))* 
             1 ( X(I +3)- X(I +1))) 
 B(I,I)=K1- K2/( X(I +3)- X(I +2))+(2*K3/( X(I +3)- X(I +1)))* 
             1 ((1/( X(I +3)- X(I +2)))+(1/( X(I +2)- X(I +1)))) 
 R(I) =(( TVEL(I +2))**2)-(( CVEL(I +2))**2) 
 
 ELSE I F(I. GT. 44. AND. I. LT. 82) THEN 
 B(I,I+1) =( K2/( X(I +3)- X(I +2)))-2*K3/(( X(I +3)- X(I +2))* 
            1 ( X(I +3)- X(I +1))) 
 B(I,I)=K1- K2/( X(I +3)- X(I +2))+(2*K3/( X(I +3)- X(I +1)))* 
            1 ((1/( X(I +3)- X(I +2)))+( 1/( X(I +2)- X(I +1)))) 
 B(I,I-1) =-2*K3/(( X(I +2)- X(I +1))*( X(I +3)- X(I +1))) 
 R(I) =(( TVEL(I +2))**2)-(( CVEL(I +2))**2) 
 
 ELSE I F(I. EQ. 82) THEN 
  B(I,I)=K1- K2/( X(I +3)- X(I +2))+(2*K3/( X(I +3)- X(I +1)))* 
             1 ((1/( X(I +3)- X(I +2)))+(1/( X(I +2)- X(I +1)))) 
 B(I,I-1) =-2*K3/(( X(I +2)- X(I +1))*( X(I +3)- X(I +1))) 
 R(I) =(( TVEL(I +2))**2)-(( CVEL(I +2))**2) 
 
 END I F 
 END DO 
 
 DO I =1, 43 
 DO J=1, 43 
 BA(I, J)=0.  
 END DO 
 END DO 
 
 DO I =1, 43 
 DO J=1, 43 
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 BA(I, J)=B(I, J) 
 END DO 
 END DO 
 
 DO I =1, 39 
 DO J=1, 39 
 BU(I, J)=B(I +43, J+43) 
 END DO 
 END DO 
 
  Z=1 
  DO I =2, 43 
 BAA(I) =BA(I, Z) 
 Z=Z+1 
 END DO 
 
 V=2 
 DO I =1, 42 
 BAU(I) =BA(I, V) 
 V=V+1 
 END DO 
 
 DO I =1, 43 
 BAD(I) =BA(I,I) 
 END DO 
 
 DO I =1, 43 
 BAR(I) =R(I) 
 END DO 
 
  Z=1 
               DO I =2, 39 
 BUA(I) =BU(I, Z) 
      Z=Z+1 
 END DO 
 
 V=2 
 DO I =1, 38 
 BUU(I) =BU(I, V) 
 V=V+1 
 END DO 
 
 DO I =1, 39 
 BUD(I) =BU(I,I) 
 END DO 
      
 DO I =1, 39 
 BUR(I) =R(I +43) 
 END DO 
 
   
 CALL TDMA( BAA, BAD, BAU, BAR, XA, 43) 
 CALL TDMA( BUA, BUD, BUU, BUR, XU, 39) 
 
 DO I =1, 43 
 DY(I) =XA(I) 
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 END DO 
  
 DO I =1, 39 
 DY(I +43) =XU(I) 
 END DO 
 
 DO I =1, 82 
 DYTOT(I) =DYTOT(I) +DY(I) 
 END DO 
         
 DO I =1, 82 
 IF(I. LE. 43) THEN 
 Y(I +1) =Y(I +1) +(- DY(I)) 
 
 ELSE I F(I. GT. 43) THEN 
 Y(I +2) =Y(I +2) +DY(I) 
 END I F 
 END DO 
  
  COUNT=COUNT+1 
  
 500 CONTI NUE 
   
 TOTCP=0.  
 DO I =1, 84 
 TOTCP=TOTCP+(( ABS( TCP(I))- ABS( CCP(I)))**2) 
 END DO 
 
 IF ( TOTCP. GT. 1.) THEN 
 GOTO 25 
 ELSE  
 GOTO 30 
 END I F 
      
 30   DO I =1, 84 
 WRI TE( 90, *)I, X(I), Y(I) 
 WRI TE( 91, *)I, X(I), TCP(I), TOTCP, COUNT 
 WRI TE( 92, *)I, X(I), CCP(I), TOTCP, COUNT 
 END DO 
 DO I =1, 82 
 WRI TE( 100, *)I, DYTOT(I) 
 END DO 
  
 END PROGRAM 
********************************************************************** 
 
 SUBROUTI NE PANEL( X, Y)  
 
               I NCLUDE ' COMMONS'  
C--- 
       OPEN ( UNI T=6, FI LE=' PANELXY. OUT' ) 
       OPEN ( UNI T=7, FI LE=' AI RFOI L' ) 
       OPEN ( UNI T=8, FI LE=' XYVPXY. DAT' ) 
 OPEN( UNI T=10, FI LE=' B. DAT' ) 
 OPEN( UNI T=11, FI LE=' VELOCI TY. OUT' ) 
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C--- 
      CALL AI RFOI L                 ! CONSTRUCT THE AI RFOI L 
C--- 
      CALL AMAT     ! EVALUATE THE COEFFICI ENT MATRI X A 
      CALL GAUSS (1)   ! SOLVE BY GAUSSI AN ELI MI NATI ON    
      CALL VELCP                   ! VELOCI TY & PRESSURE DI ST. ( CP)  
      CALL DLMCAL                  ! DRAG, LI FT & MOMENT COEFFI CI ENTS 
C--- 
      CALL OUTPUT 
C--- 
      DO I =5, 8 
        CLOSE (I) 
      ENDDO 
C--- 
      RETURN 
      END 
 
*********************************************************************** 
      SUBROUTI NE AI RFOI L 
C--- 
C---  SETS UP COORDI NATES  
C---   
      I NCLUDE ' COMMONS'  
      PI =4. 0*ATAN( 1.) 
      PI2I NV=0. 5/ PI 
 ALPHA=5. 0 
      COSALF=COS( ALPHA*PI/ 180. 0) 
      SI NALF=SI N( ALPHA*PI /180. 0) 
 
 NODTOT=84    ! TOTAL NO. PANELS 
      X( NODTOT+1) =X( 1) 
      Y( NODTOT+1) =Y( 1) 
C--- 
C---  EVALUATE SLOPES OF PANELS  
C--- 
      DO 200 I=1, NODTOT 
      DX=X(I +1)- X(I) 
      DY=Y(I +1)- Y(I) 
      DI ST=SQRT( DX* DX+DY* DY)  
C--- 
      XLENG(I) =DI ST                     ! PANEL LENGTHS 
C--- 
      SI NTHE(I) =DY/ DI ST                 ! PANEL SLOPE I NFO.  
      COSTHE(I) =DX/ DI ST 
C--- 
 200  CONTI NUE 
C--- 
C---  SET NODAL CONNECTI VI TY OF PANELS 
C--- 
      DO K=1, NODTOT 
         LNOD1( K) =K                  ! NODAL NO' S OF EXTREME PTS 
         LNOD2( K) =K+1 
      ENDDO 
      LNOD2( NODTOT) =1                ! CLOSE THE BOUNDARY 
C--- 
C---  WRI TE COORDI NATES & LENGTHS ON DI SC FILE 
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C--- 
      REWI ND 7 
      WRI TE (7, *) NODTOT 
C---      
      DO I =1, NODTOT 
         WRI TE (7, *) I, X(I), Y(I)    ! EXTRE ME PT. COORDI NATES 
      ENDDO 
C--- 
      DO K=1, NODTOT 
         WRI TE (7, *) K, LNOD1( K), LNOD2( K), XLENG( K)  ! CONNECT. & LENGTH   
      ENDDO 
C--- 
      DO K=1, NODTOT 
         I1=LNOD1( K)               ! PANEL' S EXTRE ME POI NTS 
         I2=LNOD2( K)  
         X1=X(I1)                  ! COORDI NATES 
         Y1=Y(I1) 
         X2=X(I2) 
         Y2=Y(I2) 
         XM( K) =0. 5*( X1+X2)         ! MI D- POI NT COORDI NATES 
         YM( K) =0. 5*( Y1+Y2)  
      ENDDO 
C---       
      RETURN 
      END 
*********************************************************************** 
      SUBROUTI NE AMAT 
C--- 
C---  SET COEFFI ENTS OF LI NEAR SYSTE M 
C--- 
      I NCLUDE ' COMMONS'  
C--- 
      KUTTA=NODTOT+1 
C--- 
C---  I NI TI ALI ZE COEFFI CIENTS 
C--- 
      DO 90 J=1, KUTTA 
 90   A( KUTTA, J) =0. 0 
C--- 
C---  SET VN=0 AT MI DPOI NT OF I TH PANEL 
C--- 
      DO 120 I=1, NODTOT 
      XMI D=XM(I) 
      YMI D=YM(I) 
      A(I, KUTTA) =0. 0 
C--- 
C---  FI ND CONTRI BUTI ON OF JTH PANEL 
C--- 
      DO 110 J=1, NODTOT 
      FLOG=0. 0 
      FTAN=PI  
C--- 
      IF (J. EQ. I) GOTO 100 
      DXJ =XMI D- X(J) 
      DXJ P=XMI D- X(J+1) 
      DYJ =YMI D- Y(J) 
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      DYJ P=YMI D- Y(J+1) 
      FLOG=0. 5*ALOG(( DXJ P*DXJ P+DYJ P* DYJ P)/( DXJ*DXJ +DYJ *DYJ)) 
      FTAN=ATAN2( DYJ P* DXJ- DXJ P* DYJ, DXJ P* DXJ +DYJ P* DYJ) 
C--- 
 100  CTI MTJ =COSTHE(I)*COSTHE(J) +SI NTHE(I)*SI NTHE(J) 
      STI MTJ =SI NTHE(I)*COSTHE(J)-SI NTHE(J)*COSTHE(I) 
      A(I,J)=PI2I NV*( FTAN* CTI MTJ +FLOG*STI MTJ)        
      B=PI 2I NV*( FLOG* CTI MTJ- FTAN*STI MTJ) 
      A(I, KUTTA) =A(I, KUTTA) +B 
      IF (I. GT. 1. AND. I. LT. NODTOT) GOTO 110 
C--- 
C---  IF I TH PANEL TOUCHES THE TRAI LI NG EDGE 
C---  ADD CONTRI BUTI ON TO KUTTA CONDI TI ON 
C--- 
      A( KUTTA, J) =A( KUTTA, J)- B 
      A( KUTTA, KUTTA) =A( KUTTA, KUTTA) +A(I, J) 
 110  CONTI NUE 
C--- 
C---  FI LL I N KNOWN SI DES 
C--- 
      A(I, KUTTA+1) =SI NTHE(I)*COSALF- COSTHE(I)*SINALF 
 120  CONTI NUE 
      A( KUTTA, KUTTA+1) =-(COSTHE( 1) +COSTHE( NODTOT))*COSALF 
     1                 -(SI NTHE( 1) +SI NTHE( NODTOT))*SI NALF 
C--- 
      RETURN 
      END 
*********************************************************************** 
      SUBROUTI NE VELCP 
C--- 
C---  EVALUATE VELOCI TY & PRESSURE DI STRI BUTI ONS 
C--- 
      I NCLUDE ' COMMONS'  
C--- 
      DI MENSI ON Q( 300) 
C--- 
C---  RETRI EVE SOLUTI ON FROM A- MATRI X 
C--- 
      DO 50 I=1, NODTOT 
 50   Q(I)=A(I, KUTTA+1) 
      GAMA=A( KUTTA, KUTTA+1)           ! VORTEX VALUE 
C--- 
C---  FI ND VTANG & CP AT MI DPOI NT OF I TH PANEL 
C--- 
      DO 130 I=1, NODTOT 
      XMI D=XM(I) 
      YMI D=YM(I) 
      VTANG=COSALF*COSTHE(I) +SI NALF*SI NTHE(I) 
C--- 
C---  ADD CONTRI BUTI ONS OF JTH PANEL 
C--- 
      DO 120 J=1, NODTOT 
      FLOG=0. 0 
      FTAN=PI  
C--- 
      IF (J. EQ. I) GOTO 100             ! SI NGULARI TY 
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      DXJ =XMI D- X(J) 
      DXJ P=XMI D- X(J+1) 
      DYJ =YMI D- Y(J) 
      DYJ P=YMI D- Y(J+1) 
      FLOG=0. 5*ALOG(( DXJ P*DXJ P+DYJ P* DYJ P)/( DXJ*DXJ +DYJ *DYJ)) 
      FTAN=ATAN2( DYJ P* DXJ- DXJ P* DYJ, DXJ P* DXJ +DYJ P* DYJ) 
C--- 
 100  CTI MTJ =COSTHE(I)*COSTHE(J) +SI NTHE(I)*SI NTHE(J) 
      STI MTJ =SI NTHE(I)*COSTHE(J)-SI NTHE(J)*COSTHE(I) 
      AA=PI 2I NV*( FTAN* CTI MTJ +FLOG*STI MTJ)        
      B=PI 2I NV*( FLOG* CTI MTJ- FTAN*STI MTJ)      
      VTANG=VTANG- B* Q(J)+GAMA* AA 
 120  CONTI NUE 
C--- 
      VELOC(I) =VTANG                    ! TANGENTI AL VELOCI TY 
      CP(I)=1. 0- VTANG* VTANG             ! PRESSURE COEFFI CI ENT 
C--- 
 130  CONTI NUE 
C--- 
      RETURN 
      END 
*********************************************************************** 
      SUBROUTI NE DLMCAL 
C--- 
C---  EVALUATE DRAG,  LIFT AND MOMENT COEFFICI ENTS ( CD, CL, CM)  
C--- 
      I NCLUDE ' COMMONS'  
C--- 
      CFX=0. 0 
      CFY=0. 0 
      CM=0. 0 
C--- 
      DO 100 I=1, NODTOT 
      XMI D=XM(I) 
      YMI D=YM(I) 
      DX=X(I +1)- X(I) 
      DY=Y(I +1)- Y(I) 
      CFX=CFX+CP(I)*DY 
      CFY=CFY- CP(I)*DX 
      CM=CM+CP(I)*( DX* XMI D+DY* YMI D)  
 100  CONTI NUE 
C--- 
      CD=CFX* COSALF+CFY*SI NALF 
      CL=CFY* COSALF- CFX*SI NALF 
C--- 
      RETURN 
      END 
*********************************************************************** 
      SUBROUTI NE OUTPUT 
C--- 
      I NCLUDE ' COMMONS'  
C--- 
       
      WRI TE (6,' (2X, A, I3)' ) ' NODTOT =' , NODTOT 
      WRI TE (6,' (2X, A, I5)' ) ' NACA =' , NACA 
      WRI TE (6,' (2X, A, F6. 2)' ) 'ALPHA =' , ALPHA 
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C--- 
      WRI TE (6, *) ' NODAL CONNECTI VI TY AND LENGTHS OF PANELS :'  
      DO K=1, NODTOT 
         WRI TE (6, *) K, LNOD1( K), LNOD2( K), XLENG( K)  
      ENDDO 
C--- 
      WRI TE (6, *) ' COORDI NATES OF POI NTS '  
      WRI TE (6, *) '       I    X(I)              Y(I) '      
      DO I =1, NODTOT 
         WRI TE (6, *) I, X(I), Y(I) 
      ENDDO 
C--- 
      WRI TE (6, *) ' MI D- POI NT COORDI NATES :'  
      DO K=1, NODTOT 
         WRI TE (6, *) K, XM( K),YM( K)  
      ENDDO 
C---        
C---  FOR 2- DI M.  POTENTI AL FLOWS,  DRAG = 0 
C--- 
      WRI TE (6, *) ' DRAG,  LI FT AND MOMENT COEFFI CI ENTS :'  
      WRI TE (6, 1000) CD, CL, CM 
 1000 FORMAT (' CD =' , F8. 5,2X,' CL =' , F8. 5, 2X,' CM =' , F8.5,/) 
C--- 
      WRI TE (6, *) ' VELOCI TY AND PRESSURE DI STRI BUTI ONS :'  
      DO K=1, NODTOT 
         WRI TE (6, *) K, VELOC( K), CP( K)  
      ENDDO 
 DO I =1, NODTOT 
 WRI TE( 11, *) VELOC(I) 
 END DO 
 CLOSE( 11) 
C---  THE CONSTANT VORTEX 
C--- 
      WRI TE (6,' (//, 2X, A, F8. 4)' ) ' GAMA =' , GAMA 
C---  
C---  WRI TE ON DI SC FI LE : 
C--- 
      REWI ND 8 
      DO I =1, NODTOT 
         CP M=- CP(I) 
         WRI TE (8, *) XM(I), YM( I), VELOC(I), CP M   
      ENDDO 
C--- 
      RETURN 
      END 
*********************************************************************** 
      SUBROUTI NE GAUSS (NRHS)  
C--- 
C---  SOLUTI ON OF LI NEAR SYSTE M OF EQNS BY GAUUS ELI MI NATI ON 
C---  BY PARTI AL PI VOTI NG 
C--- 
C---  A = COEFFI CI ENT MATRI X 
C---  NEQNS = NO. OF EQUATI ONS 
C---  NRHS = NO. OF RI GHT- HAND SI DES 
C--- 
C---  RI GHT- HAND SI DES AND SOLUTI ONS STORED I N 
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C---  COLUMNS NEQNS+1 THRU NEQNS+NRHS OF "A"  
C--- 
      I NCLUDE ' COMMONS'  
  
 
C--- 
      NEQNS=NODTOT+1          !neqns=190 np=191 nt ot =191 
      NP=NEQNS+1 
      NTOT=NEQNS+NRHS 
  
  
C--- 
C---  GAUSS REDUCTI ON 
C--- 
      DO 150 I=2, NEQNS 
C--- 
C---  SEARCH FOR LARGEST ENTRY I N (I-1) TH COLUMN 
C---  ON OR BELOW MAI N DI AGONAL 
C--- 
      I M=I-1 
  
      I MAX=I M 
      AMAX=ABS( A(I M, I M)) 
  
      DO 110 J=I, NEQNS 
  
 
      IF ( AMAX. GE. ABS( A(J,IM) )) GOTO 110 
      I MAX=J  
      AMAX=ABS( A(J,I M)) 
  
  
 110  CONTI NUE 
   
 
C---  S WI TCH (I-1) TH AND I MAX' TH EQUATI ONS 
C--- 
      IF (I MAX. NE. I M) GOTO 140 
! writ e(10, *)' AMAX' , a max 
 
      DO 130 J=I M, NTOT 
      TEMP=A(I M, J) 
      A(I M, J) =A(I MAX, J) 
      A(I MAX, J) =TEMP 
 130  CONTI NUE 
C--- 
C---  ELI MI NATE (I-1) TH UNKNOWN FROM 
C---  ITH THRU ( NEQNS) TH EQUATI ONS 
C--- 
 140  DO 150 J=I, NEQNS 
      R=A(J,I M)/ A(I M, I M)  
      DO 150 K=I, NTOT 
 150  A(J, K) =A(J, K)- R*A(I M, K) 
   
 
C--- 
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C---  BACK SUBSTI TUTI ON 
C--- 
      DO 220 K=NP, NTOT 
      A( NEQNS, K) =A( NEQNS, K)/ A( NEQNS, NEQNS)  
      DO 210 L=2, NEQNS 
      I=NEQNS+1- L 
      IP=I +1 
      DO 200 J=I P, NEQNS 
200  A(I, K) =A(I, K)- A(I,J)*A(J, K) 
210  A(I, K) =A(I, K)/ A(I,I) 
220  CONTI NUE 
C--- 
      RETURN 
      END 
*********************************************************************** 
      SUBROUTI NE TDMA( L, D, U, C, X, N)  
      I NTEGER ND, N, I, NM1 
      PARAMETER ( ND=900) 
      REAL L( ND), D( ND), U( ND), C( ND), X( ND), P(0: ND), Q(0: ND), TEMP 
      
  L(1) = 0. 0 
      U( N) = 0. 0 
 
C* FORWARD ELI MI NATI ON 
      DO 10 I = 1, N 
         Te mp = D(I) + L(I)*P(I-1) 
         P(I) = - U(I) / TEMP 
         Q(I) = ( C(I) - L(I)*Q(I-1)) / TEMP 
10    CONTI NUE 
C* 
C*    BACK SUBSTI TUTI ON 
      do 20 I = N, 1,-1 
         X(I) = P(I)*X(I +1) + Q(I) 
20    conti nue 
 
C* OUTPUTTI NG THE SOLUTI ON VECTOR 
      WRI TE( 6, *) '               THE SOLUTI ON VECTOR I S:'  
      WRI TE( 6, *) 
      WRI TE( 6, 21) ( X(I),I = 1,N)  
21  FORMAT(' ', 25x,f15. 9) 
      RETURN 
      END 
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